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Abstract
Additive manufacturing is the more and more considered in industry, however efficient simulation tools able to perform 
accurate predictions are still quite limited. The main difficulties for an efficient simulation are related to the multiple 
scales, the multiple and complex physics involved, as well as the strong dependency on the process trajectory. This paper 
aims at proposing a simplified parametric modeling and its subsequent parametric solution for evaluating parametrically 
the manufactured part distortion. The involved parameter are the ones parametrizing the process trajectories, the thermal 
shrinkage intensity and anisotropy (the former depending on several material and process parameters and the last directly 
depending on the process trajectory) and the deposited layers. The resulting simulation tool allows evaluating in real-time 
the impact of the parameters just referred on the part distortion, and proceed to the required geometrical compensation.
Keywords Vademecum · Additive manufacturing · PGD · MOR · Thermal shrinkage · Part distortions · Geometry 
compensation
Introduction
The adoption of Additive Manufacturing (AM) technologies
at the industrial level has set out several challenges for
the scientific community, ranging from the study of the
interactions at the scale of the particle to the prediction of
the mechanical state of the final part [11, 17].
Additive manufacturing processes have been extensively
simulated by using the Finite Element Method (FEM). In [22] a
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rapid prototyping was developed and simulated. In [20] and
[14] 3D FEM simulations of a thermal model of selective laser
sintering were performed for evaluating the temperature
evolution. In [26] a thermo-structural finite element analysis
of direct laser metal deposited was proposed for evaluating
residual stresses in thin-walled structures. In [10] the FEM
was considered for simulating shaped metal deposition
processes. In [25] a finite element analysis was carried out to
compute the temperature induced in aero-engine component
by the direct laser deposition process and the corresponding
distortion and in [24] and [23] the effects of laser power
and scan speed on the thermal behavior were investigated.
FEM was also used in many other works, as for example
in [16] to develop a thermo-mechanical model of additive
manufacturing of Ti-6Al-4V.
Other techniques have also been considered as for instance
Lattice Boltzmann [18, 19], Finite Differences [15], Finite
Volumes in [3, 12] or discrete models [21] for the processes
involving selective laser melting of powders.
A global process modeling and its associated efficient
solution remain nowadays out of reach because many
challenges persist, concerning the multiple physics and
scales requiring fine and rich models, well calibrated in
extreme conditions (in space, time and process conditions).
These circumstances and the extremely long process
trajectory length compromise the efficiency of well
experienced numerical simulations tools. These difficulties
can be grouped in three categories:
– Geometric complexity. The flexibility of AM technologies
allows for the use of topology optimization in the design
stage. This results typically in thin parts, very sensitive
to distortions. Complex geometries also require finer
meshes and hence, large size numerical models.
– Strong dependence on the fabrication strategy. This is
mainly due to the non-linear and coupled models involved
in phase transformations and inelastic behaviors.
– The incremental nature of the process. A part is composed
of thousands of deposited layers each of them constituted
of a succession of tapes less than 1mm thick.
These difficulties justify the fact that standard
approaches (e.g. finite elements combined with the
so-called born-dead-elements technique [13]) lead to
prohibitive simulation times. Thus, well experienced
simulation technologies cannot be used for performing
parametric analysis and efficiently exploring the parametric
design space for optimizing processes or for performing
simulation-based real-time control.
Important efforts are being deployed in order to
propose new computational strategies. Among them, mesh
adaptivity approaches [27], performing refining/coarsening,
are widely considered to resolve the region in which the spot
applies. However, and despite the significant progresses in
mesh adaptation, remeshing entails its own difficulties and
motivated in the last decade the proposal and development
of meshless methods, that solved some issues and created
many others. In any case, coarsening is limited by field
localization as well as by the necessity to accurately
describe extremely complex geometries.
However, one of the main obstacles to an efficient
simulation of AM processes for predicting part distortions,
independently of the model richness, is related to the
numerical model itself, by the fact of assembling and
solving very large systems of equations at each time step
and in a geometry that is evolving in time. Thus, reduced
order modeling [9] was envisaged as a possible remedy
for attaining faster simulations without compromising the
accuracy.
Simplified models were proposed by observing that in
many cases two regions can be differentiated [1]. The first,
near the spot and involving the most recent deposited layers
involves rich nonlinear behaviors, however outside, plastic
deformation becomes frozen and does not evolve anymore.
These regions were called respectively process and structure
regions. This partition makes possible the use of static
condensation, such that all the degrees of freedom in the
structure region are condensed on the interface between
both regions. However, such a condensation requires, even
in the linear case, the inversion of a sub-matrix (the one
related to the structure region) whose size is increasing
with the number of deposited layers, and consequently
with the growing of the structure region. In [1] authors
proposed solving the process by assuming in the structure
region a linear elastic behavior with the residual stresses
installed when each point now in the structure region was
located in the process zone (during its deposition). Thus,
after evaluating the residual stress everywhere in the part at
the end of the process, a final calculation is performed in
the finite transformation framework (assuming that larger
deformations / displacements do not alter the installed
residual stresses). However, such a calculation allows only
evaluating the part distortion but not the distortion evolution
during the process.
The present work aims at proposing a simplified para-
metric modeling and its subsequent parametric solution
for evaluating parametrically the manufactured part distor-
tion. The involved parameters are the ones parametrizing
the process trajectories, the thermal shrinkage intensity and
anisotropy (the former depending on several material and
process parameters and the last directly depending on the
process trajectory) and the deposited layers. The resulting
simulation tool allows evaluating in real-time the impact
of the parameters just referred to the part distortion, and
proceed to the required geometry compensation.
Model order reduction
One could think that computing time issues could be
circumvented with the mere use of more powerful
computers. Even if it is a valuable route, it compromises
the accessibility to the appropriate simulation resources
of small and medium industries as well as its integration
in deployed systems. Model Order Reduction –MOR –
techniques opened new possibilities for more efficient
simulations.
A possible alternative within the MOR framework
consists in extracting “offline” the most significant modes
involved in the model solution, that will constitute the so-
called reduced approximation basis, and then project the
solution of “quite similar” problems in that reduced basis.
Because the number of functions involved in the reduced
basis is quite low, only few coefficients must be calculated
for determining the problem solution. Consequently, a
discrete problem of very small size must be solved at
each iteration or time step. Thus, MOR-based discretization
techniques allow important computing-time savings, of
several orders of magnitude in some cases, making possible
accommodating to real-time constraints [7, 9]
Another MOR-based route, close to the previous
one, consists of calculating offline using all the needed
computational resources, e.g. HPC, and computing time, a
parametric solution containing the solution of all possible
scenarios, that is then particularized online using light
computational facilities, as deployed devices, tablets or
even smartphones, for performing efficient simulation,
optimization, inverse analysis, uncertainty propagation
and simulation-based control, all them under real-time
constraints.
This was the solution retained in many applications
where the so-called PGD – Proper Generalized Decomposi-
tion – was able to compute parametric solutions of models
representing complex processes, structures and systems [2,
4–6, 8, 9]. Thus, few hours of intensive offline computation
allow the construction of very general parametric solutions
able to ensure almost instantaneous responses to queries,
while keeping the level of accuracy of usual discretizations.
Space-time-parameters separated representation allowed
constructing the so-called computational vademecums (also
known as abacus, virtual charts, nomograms, ...), efficiently
considered for multiple purposes: simulation, optimization,
inverse analysis, uncertainty propagation and simulation-
based control, all them under the real-time constraint [5].
Thus, when the unknown field involves space, time and
a series of parameters μ1, . . . , μQ, its associated separated
representation reads








i (μj ). (1)
The construction of such separated representations
or computational vademecums was deeply addressed in
numerous of our former works, and in particular in the
primer [6]. The interested reader can also refer to the
numerous references therein.
Parametrizing trajectories
Additive Manufacturing is an incremental process requiring
the definition of the process trajectory. In order to efficiently
evaluate the impact of the different possible trajectories
on the part distortion, for optimizing or controlling the
process, one should be able to simulate in almost real-time
the process, possibility that remains nowadays out of reach,
or creating offline the parametric solution of the process,
that is, the output of interest, the part distortion in our
case, for any possible process trajectory. Thus, the expensive
offline calculation (the vademecum construction) will be
largely compensated by its online use in almost real-time,
because only particularizations of the parametric solutions
are required.
In our former works a panoply of different type param-
eters were introduced as extra-coordinates in the model,
Fig. 1 One-parameter process trajectories
leading to a parametric solution like (1). In that expression
parameters μi can be material parameters, process param-
eters (including initial and boundary conditions) and even
parameters related to the geometry.
Sometimes parameters are not discrete but continuous,
for example material parameters can evolve in space and/or
time. In that case the solution retained was assuming
an appropriate parametrization of these fields, and then
including the coefficients of those approximations as model
parameters and consequently within the PGD rationale, as
problem extra-coordinates.
This option was possible when the field describing the
space and/or time evolution of the parameters involved few
terms, however in the case of a trajectory the situation is
radically different because any two points P and Q and
independently on the distance between them, can be joined
by an infinity of curves, and then parametrizing a trajectory
has no sense. Thus, rather than looking for all possible
trajectories, one must restrict to a family of them.
To fix ideas we first consider the additive manufacturing
process of a solid cuboid shape and the addition of a new
rectangular layer on its top surface. A family of trajectories
for covering all its surface could consists of straight lines
parametrized by a single parameter, e.g. the angle θ with
respect to the rectangle base, as depicted in Fig. 1. However,
such a parametrization does not allow other usual process
trajectories as the one illustrated in Fig. 2.
A general approach consists in associating the trajec-
tories to the iso-field curves φ = cte related to a cer-
tain parametrized partial differential equation involving the
scalar field φ(x, y). For that purpose we propose consider-
ing the Poisson equation defined in the rectangular domain
 = (0, L) × (0, H)
φ(x, y) = s(x, y), (2)
Fig. 2 Concentric-like trajectories
Fig. 3 Trajectories for: (top-left) μ1 = 1, μ2 = 0, μ3 = 0, μ4 =
1, μ5 = 0; (top-right) μ1 = 1, μ2 = 1, μ3 = 0, μ4 = 0, μ5 = 0;
(middle-left) μ1 = 0, μ2 = 0, μ3 = 0, μ4 = 1, μ5 = 0;
(middle-right) μ1 = 0.33, μ2 = 0, μ3 = 0.66, μ4 = 1, μ5 = 0;
(bottom-left) μ1 = 0, μ2 = 0, μ3 = 0, μ4 = 0, μ5 = 1 and
(bottom-right) μ1 = 0, μ2 = 0.2, μ3 = 0.5, μ4 = 1, μ5 = 0.6.
Dimensions: ×10cm




φ(x, y = 0) = μ1 + (μ2 − μ1) xL
φ(x, y = H) = μ4 + (μ4 − μ3) xL
φ(x = 0, y) = μ1 + (μ4 − μ1) yH
φ(x = L, y) = μ2 + (μ3 − μ2) yH
, (3)
that represent linear variations on each rectangle side,
parametrized by the values at the corners φ(0, 0) = μ1,
φ(L, 0) = μ2, φ(L, H) = μ3 and φ(0, H) = μ4. When
all these parameters defining the boundary condition vanish,
and the source term takes a unit value, i.e. s(x, y) = 1,
the solution iso-curves are expected representing concentric
trajectories.
The parametric solution of this problem is easily
computable because of its linearity, and consequently the
use of the standard constructor of PGD parametric solutions
is not compulsory. One must simply solve the following five
boundary value problems:
φ1(x, y) = s(x, y), with s(x, y) = 0
& μ1 = 1, μ2 = μ3 = μ4 = 0, (4)
Fig. 4 Wired model for the installed residual stresses
φ2(x, y) = s(x, y), with s(x, y) = 0
& μ2 = 1, μ1 = μ3 = μ4 = 0, (5)
φ3(x, y) = s(x, y), with s(x, y) = 0
& μ3 = 1, μ1 = μ2 = μ4 = 0, (6)
φ4(x, y) = s(x, y), with s(x, y) = 0
& μ4 = 1, μ1 = μ2 = μ3 = 0, (7)
and
φ5(x, y) = s(x, y), with s(x, y) = 1
& μ1 = μ2 = μ3 = μ4 = 0. (8)
Now, any other solution for any choice of parameters
μ1, · · · , μ4 and μ5 = s(x, y) can be obtained from
φ(x, y, μ1, · · · , μ5) = μ1φ1(x, y)+· · ·+μ5φ5(x, y). (9)
Obviously richer parametrizations of the boundary
conditions as well as of the source term can be envisaged.
Even other linear and nonlinear parametrized partial
differential equations could be adopted, where in the
nonlinear case, where superposition fails, the usual greedy
PGD constructor should be considered for circumventing
the curse of dimensionality.
Figure 3 depicts different scenarios, where parameters
μ1, · · · , μ4 and μ5 = s(x, y) are noted by P1, · · · , P 5.
The developed GUI application allows evaluating any
possible trajectory related to the problem defined above in
almost real-time.
A simplified parametric thermo-mechanical
model
In this section we address parametrized thermal shrinkage.
Many simplified AM simulators consider that mechanism as
soon as a layer or several layers are assumed deposited at a
certain temperature, from which the cooling process occurs,
and being the thermal shrinkage constrained by the already
solid part, residuals stress are induced.
In this work, among the numerous possibilities we
are assuming a wired model that considers that thermal
shrinkage follows the deposition trajectory as sketched in
Fig. 4.
Thus, in the local system of coordinates, shrinkage









It is important to note that when the wired hypothesis
is expected working inappropriately, one could consider
a richer parametrization of the shrinkage stress tensor,
coming from an appropriate micro-to-macro upscaling
modeling, and assuming in the most general case an
expression containing six parameters (the six components
of the symmetric shrinkage stress tensor). In the general
case the stress tensor could also depend on the space
coordinates. These spatial dependence will result from
a micro-mechanical analysis and will require a richer
parametric expression by invoking the PGD rationale.
The global equilibrium requires expressing shrinkage
stresses, given at each point by expression (10) in the local
coordinate system related to the local trajectory, in the
global coordinate systems (x, y, z) depicted in Fig. 4. For
that purpose we should consider the rotation of it according
to
σ 0(P) = RT σ̃ 0(P)R, (11)
with R the rotation matrix.
It is expected that when considering the model just
described, shrinkage stresses depend parametrically on the
trajectory (that controls its anisotropy) and also eventually
on space from thermal couplings here ignored.
One could imagine the possibility of expressing the
shrinkage tensor parametrically as was the case for the
trajectories. Thus, by noting σ i (P) the shrinkage tensor
related to the parameters choice μj = δij , with δ the
Fig. 5 Shrinkage tensor interpolation issues
Fig. 6 Parametric distortions for: (top-left) μ1 = 1, μ2 = 0, μ3 =
0, μ4 = 1, μ5 = 0; (top-right) μ1 = 1, μ2 = 1, μ3 = 0, μ4 =
0, μ5 = 0; (middle-left) μ1 = 0, μ2 = 0, μ3 = 0, μ4 = 1, μ5 = 0;
(middle-right) μ1 = 0.33, μ2 = 0, μ3 = 0.66, μ4 = 1, μ5 = 0;
(bottom-left) μ1 = 0, μ2 = 0, μ3 = 0, μ4 = 0, μ5 = 1 and
(bottom-right) μ1 = 0, μ2 = 0.1, μ3 = 0.5, μ4 = 1, μ5 = 0.6. The
depicted mesh is only for visualization purposes, the one related to the
calculations is finer. Dimensions: ×10cm. Displacements in cm
Kroneker delta, the thermal shrinkage tensor could be
expected expressing as
σ 0(P; μ1, · · · , μ5) = μ1σ 1(P) + · · · + μ5σ 5(P). (12)
However, such a natural option fails because the
limitations of tensor interpolations as Fig. 5 illustrates.
For circumventing the just mentioned difficulties we
proceed by expressing the rotation matrix parametrically.
Fig. 7 Distorted geometry for
the indicated parameters
defining the process trajectory.
Dimensions: ×10cm.
Displacements in cm
Fig. 8 Compensated geometry.
Dimensions: ×10cm.
Displacements in cm




Fig. 10 Parametric distortions for μ1 = 0, μ2 = 0, μ3 = 0, μ4 = 0, μ5 = 1, λ = L = 0.5 and: (top-left) layers = 2; (top-right) layers = 4;
(bottom-left) layers = 7 and (bottom-right) layers = 11. Dimensions: ×10cm. Displacements in cm
Fig. 11 Parametric distortions for μ1 = 0, μ2 = 0, μ3 = 0, μ4 = 0, μ5 = 1, layers = 12 and: (top-left) L = λ = 0; (top-right) L = λ = 0.33;
(bottom-left) L = λ = 0.66 and (bottom-right) L = λ = 1. Dimensions: ×10cm. Displacements in cm
Fig. 12 Distorted final
geometry for the indicated
parameters defining the process
trajectory. Dimensions: ×10cm.
Displacements in cm
Fig. 13 Compensated geometry.
Dimensions: ×10cm.
Displacements in cm
For that purpose we proceed from the parametric trajectories
expression





whose normalized gradient defines the normal direction to
the trajectory, according to
n = ∇φ||∇φ|| , (14)
with




where the gradient of solutions φi(x, t) can be computed
offline.
Now, the tangent vector t comes from the normality
condition t · n = 0. These expressions allow determining
the parametric expression of the rotation tensor and
from it, the one of the shrinkage tensor, by using the
standard PGD technology even if the computation could be
perfectly performed online in real-time without requiring
precomputing a parametric expression of expression (11).
Now, the virtual work principle, assuming without loss of
generality small displacements and strains, writes
∫

ε∗ : (σ − σ 0) dx = 0, (16)
where without loss of generality surface and volume
forces are neglected. This expression applies for any
kinematically admissible deformation ε∗, i.e. related to test
displacements vanishing in the part of the boundary of 
where displacements are prescribed, in general the bottom
basis of the part.
It can be noticed from Eq. (16) that shrinkage acts as
a volume force and consequently in the resulting linear
system (after discretization) it appears at the right-hand
member, that can be expressed using the most usual notation
as
KU = F(μ1, · · · , μ5), (17)
that as soon as the problem is linear, K−1 can be computed
and used for evaluating online the parametric displacements
according to
U(μ1, · · · , μ5) = K−1F(μ1, · · · , μ5). (18)
At this point it is important to make two observations:
– When considering nonlinear behaviors, in particular
large strain / displacements, the best option consists
of applying directly the PGD rationale for computing
the parametric displacement field for each intermediate
configuration, i.e. number of deposited layers, or
applying the procedure just described operating at the
discrete level (Eqs. 17 and 18) but decomposing the
stiffness matrix in a linear and nonlinear parts, i.e. K =
KL +KNL and proceeding until convergence within the
iteration scheme
Un(μ1, · · · , μ5) = K−1L
(
−Kn−1NL Un−1(μ)
+ F(μ1, · · · , μ5)) , (19)
with Un−1(μ) = Un−1(μ1, · · · , μ5).
– In all cases the linear and nonlinear matrices must
be evaluated for different stages of the process, that
is, for different numbers of deposited layers. Thus,
later, the number of layers will be introduced as an
extra-parameter in the parametric solution.
Figure 6 depicts, for a given shrinkage intensity λ,
for the final configuration and for the different scenarios
considered in Fig. 3, where parameters μ1, · · · , μ4 and
μ5 = s(x, y) are noted by P1, · · · , P 5, the considered
solid cuboid part distortion from its target geometry. This
GUI application allows evaluating distortions associated to
any possible trajectory in almost real-time.
Distorsion compensation
As soon as the distortion is evaluated for a choice
of the parameters, one could expect that by applying
that displacement field with opposite sign to the target
configuration, the final geometry after shrinkage should
almost correspond to the target geometry. For evaluating this
simple compensation procedure we consider again the part
addressed in the previous section and evaluate its distortion
for the parameters indicated in Fig. 7. Now, by applying
to the target geometry the opposite of the displacement
field illustrated in Fig. 7, it results the geometry displayed
in Fig. 8. Now, using the same process parameters, the
distorted part associated with the target geometry shown in
Fig. 8 results in the one displayed in Fig. 9.
In the just analyzed case the geometry ensured that
the simplest compensation procedure works perfectly,
however this simple procedure could fail in more complex
geometries. In that case it is obvious that the fact
of evaluating in real-time (almost instantaneously) the
displacement could allow to implement more sophisticated
compensation algorithms dialoging with our computational
vademecum.
Numerical results
In this section we are considering a quite more complex
geometry and introducing two new parameters into the
parametric solution (computational vademecum): (i) the




one related to the thermal shrinkage intensity λ (noted
in the GUI application shown later by L) and (ii) the
process progression, that is, the number of deposited
layers.
Figure 10 depicts the deformed geometry for four
different process stages where different number of layers
were deposited. Here the only parameter that varies is the
number of layers. It can be noticed that the greater is the
number of layers the higher is the distortion. Figure 11
shows the effect of the thermal shrinkage intensity, a certain
value multiplied by parameter L ≡ λ, from a null value for
with distortions vanish to its highest value L = 1 exhibiting
the largest distortions.
Geometry compensation
For evaluating in the present case study the compensation
procedure we evaluate its distortion for the parameters
indicated in Fig. 12. Now, by applying to the target
geometry the opposite of the displacement field illustrated
in Fig. 12, it results the geometry displayed in Fig. 13.
Now, using te same process parameters, the distorted part
Fig. 15 Parametric distortions for μ1 = 1, μ2 = 1, μ3 = 0, μ4 = 0, μ5 = 0, layers = 8 and: (top-left) L = λ = 0; (top-right) L = λ = 0.33;
(bottom-left) L = λ = 0.66 and (bottom-right) L = λ = 1. Dimensions: ×10cm. Displacements: ×10cm
Fig. 16 Parametric distortions for μ1 = 1, μ2 = 1, μ3 = 0, μ4 = 0, μ5 = 0, λ = L = 1 and: (top-left) layers = 2; (top-right) layers = 4;
(bottom-left) layers = 6 and (bottom-right) layers = 8. Dimensions: ×10cm. Displacements: ×10cm
Fig. 17 Parametric distortions for layers = 8, λ = L = 1 and:
(top-left) μ1 = 1, μ2 = 1, μ3 = 0, μ4 = 0, μ5 = 0; (top-
right) μ1 = 1, μ2 = 0, μ3 = 0, μ4 = 0, μ5 = 0; (bottom-left)
μ1 = 0, μ2 = 0, μ3 = 0, μ4 = 0, μ5 = 0 and (bottom-right)
μ1 = 0, μ2 = 0, μ3 = 0, μ4 = 1, μ5 = 0. Dimensions: ×10cm.
Displacements: ×10cm
Fig. 18 Experimental test
(courtesy of J.Y. Hascoet at
GeM Institute – Ecole Centrale
de Nantes)
associated with the target geometry shown in Fig. 13 results
in the one displayed in Fig. 14.
Qualitative validation
For a first qualitative validation we considered the
deposition of a thin wall on a thin plate with a prescribed
null displacements at one of its lateral bases. Figures 15,
16 and 17 depict the distorted structure for respectively
different shrinkage intensities, number of deposited layers
and process trajectories. Figure 18 shows the experimental
result when the process is operated by using trajectories
expressed by μ1 = μ2 = 1 and μ3 = μ4 = μ5 = 0.
Conclusions
This paper presents a simplified parametric modeling of dis-
tortions occurring in parts manufactured by additive manu-
facturing. After having introduced a parametrization of the
process trajectories as the iso-values of a parametrized par-
tial differential equation, thermal shrinkage was expressed
parametrically with respect to the process trajectory. Finally
two new parameters were introduced, the first controlling
the shrinkage intensity and the second the process progres-
sion, that is, the number of deposited layers.
The parametric solution was introduced into a GUI
application able to evaluate the effect of any parameter in
almost real-time. Moreover, parametric solutions open an
appealing route for geometry compensation.
The numerical examples illustrate the effect of the different
parameters and even if at present a quantitative validation
requires additional efforts (it constitutes a work in progress),
the first qualitative validation seems very promising.
In the present work the use model order reduction was lim-
ited at maximum, profiting the linearity of the trajec-
tory description and the solution of the mechanical prob-
lem in both the linear and nonlinear setting. Thus, the
solution accuracy is the one of the standard finite ele-
ment discretization, without being impacted by reduced
modeling issues. The works in progress consider a para-
metric modeling within the PGD framework, to consider
the process as a parametric black box allowing higher
flexibility and generality in what concerns the physics
involved.
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